Rules for integrands of the form (a + bx")P (c +dx")9 (e + fx")"
whenbc-ad#0 Abe-af#0 Ade-cf+0

0:JXa+bxﬂp(c+dqu(e+fxﬂrdxmmm1w|q|r)ez+

Derivation: Algebraic expansion

Rule1.1.35.1:If (p | q | r) € Z*, then

Jka+bxﬂp(c+dxﬂq(e+fxﬂrdx-a kammdDWeyandHa+bxwp(c+dxﬂq(e+fxﬂr,x]dx

Program code:

Int[(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_)*r_.,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx"n) ~px (c+d#x"n)~q (e+fxx*n)~r,x],x] /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[p,0] & IGtQ[q,0] & IGtQ[r,0]



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

1. J(a+bx“)P (c+dx")9 (e + £ x") dx

1 e+ fx" a
: X
J(a+bx") (c+dx")

Derivation: Algebraic expansion

e e+fz __ be-af B de-cf
Basis: (a+bz) (c+dz) =~ (bc-ad) (a+bz) (bc-ad) (c+dz)
Rule 1.1.3.5.1.1:

de-cf

1

e+ fx" be-af 1
J dx — J d
(a+bx") (c+dx") bc-adJa+bx"

Program code:

Int[(e_+F_.#x_"n_)/((a_+b_.*x_"n_)* (c_+d_.*x_"n_)),x_Symbol] :=
(bxe-axf) /(bxc-axd) »Int[1/ (a+bxx n),x] -
(dxe-c+f) /(bxc-axd) +Int[1/ (c+d*x”n),x] /;
FreeQ[{a,b,c,d,e,f,n},x]

X

_bc—ad

I

c+dx"

dx



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

J e+ fx"
2: dx
(a+bx") Vc+dx"

Derivation: Algebraic expansion

‘coexfz be-af
Basis: atbz — b b (a+b z)

Rule 1.1.3.5.1.2:

J e+ fx" f 1
dx — —j
(a+bx")\/c+dx" bJ Verdx

Program code:

Int[(e_+f_.xx_"n_)/((a_+b_.*x_"n_)*Sqrt[c_+d_.*x_"n_]),x_Symbol] :=
f/bxInt[1/Sqrt[c+d+x"n],x] +
(bxe-axf) /oxInt[1/ ((a+bsx n)+Sqrt[c+d*xn]),x] /;
FreeQ[{a,b,c,d,e,f,n},x]



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

e+ fx"
3:J dx
Ya+bx" Vec+dx

Derivation: Algebraic expansion

Basis: e+fz _ f\a+bz i be-af
" Ja+bz b b+ a+bz
Rule 1.1.3.5.1.3:
e+ fx" f rVa+bx" be-af 1
j dx — — dx + f dx
Vasbx" Vec+dx" b Ve+dx" b Va+bx" Vec+dx"

Program code:

Int[(e_+f_.*x_"n_)/(Sqrt[a_+b_.+x_~n_]*Sqrt[c_+d_.*x_"n_]),x_Symbol] :=
f/bxInt[Sqrt[a+bxx~n]/Sqrt[c+d*x n],x] +
(b*e—a*-F)/b*Int [1/ (Sqrt[a+bxx~n]*Sqrt[c+d+x”n]),x] /;
FreeQ[{a,b,c,d,e,f,n},x] &&
Not[EqQ[n,2] && (PosQ[b/a] && PosQ[d/c] || NegQ[b/a] & (PosQ[d/c] || GtQ[a,@] && (Not[GtQ[c,@]] || SimplersqrtQ[-b/a,-d/c])))]

4. j(a+bx")P (c+dx?)? (e + £x®) dx whenp< -1

e+ fx?

Va+bx? (c+dx2)3/2

1 dlxwhen§>eA%>0

Derivation: Algebraic expansion

BaS|S' e+f Xz —-= be-af o (d e-c 'F) \/a+b X2
v a+b x2 (c+dx2)3’/2 (bc-ad) Va+bx2 /c+d x? (bc-ad) (c+dx2)3/2

Rule1.13.5.1.4.1:1f > > @ A ¢ > 0, then



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

e+ fx? be-af 1 de-cf Va+bx?
dx — f dx - J
Va+bx? (c+dx2)3/2 bc-adJ 3 bxZ Vcrdx? bc-ad (c+dx2)3'/2

Program code:

Int[(e_+Ff_.*x_"2)/(Sqrt[a_+b_.*x_"2]x(c_+d_.+x_"2)~(3/2)),x_Symbol] :=
(b*e—a*f)/(b*c—a*d) *Int[1/ (Sqrt[a+b+x~2] *Sqrt[c+d*x"2]),x] -
(dxe-cxf) /(bxc-axd) +Int [Sqrt [a+bxx 2]/ (c+d*x"2)"(3/2),X] /;

FreeQ[{a,b,c,d,e,f},x] && PosQ[b/a] && PosQ[d/c]

2: J(a+bx")” (c+dx")? (e+fx") dx whenp<-1 A q>0

Derivation: Binomial product recurrence 1 withp = @

Rule1.1.3.5.14.2:If p< -1 A g > 0, then
j(a+bx")p (c+dx“)q (e+-Fx") dx —

(be—af) X (a+bx")p+1 (c+dx")q
- +

abn (p+1)

1

—_— b x") P*? d x") 9t b 1) +be-af d (b 1 be-af 1)) x") @
abn(p+1)JXa+ X) (C+ X) (c( en(p+1) +be-a )+ ( en (p+ )+( e-a )(nq+ ))X) X

Program code:

Int[(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_),x_Symbol]| :=
—(b*e—a*f)*x*(a+b*xAn)A(p+1)*(c+d*xAn)Aq/(a*b*n*(p+1)) +
1/ (axbxnx (p+1)) =
Int [ (a+b*x"n) " (p+1) * (C+d#Xx"n) ~ (q-1) xSimp[cx (bxexnx (p+1) +bxe-axf) +dx (bxexnx (p+1) + (bxe-axf) » (nxq+1) ) xx*n,x] ,x] /;
FreeQ[{a,b,c,d,e,f,n},x] & LtQ[p,-1] && GtQ[q,O]



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

3: J(a+bx")p (c+dx")% (e+fx") dx whenp< -1

Derivation: Binomial product recurrence 2a withp = @

Rule 1.1.3.5.1.4.3: If p < -1, then
J(a+bx")p(c+dx")q(e+fx") dx —
(be-af) x (a+bx")P" (c+dx)®?
) an(bc-ad) (p+1) "
1

J(a+bx")p+1 (c+dx")%(c (be-af) +en(bc-ad) (p+1) +d (be-af) (n(p+q+2)+1)x") dx
an(bc-ad) (p+1)

Program code:

Int[(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_),x_Symbol] :=
- (b*e—a*f) *X* (a+bxx*n) ~ (p+1) * (c+d*x*n) ~ (q+1) / (axnx (bxc-axd) » (p+1)) +
1/ (axnx (bxc-axd) » (p+1) ) *
Int [ (a+bxx”~n) A (p+1) * (c+d*x"n) *q*Simp [C* (b*e—a*f) +exnx (bxc-axd) » (p+1) +d* (b*e—a*-F) * (N* (p+q+2) +1) *x"n,x] ,x] /3
FreeQ[{a,b,c,d,e,f,n,q},x] & LtQ[p,-1]



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

5: J(a+bx")p (c+dx")% (e+fx") dx whenq>@ A n (p+q+1) +1#80

Derivation: Binomial product recurrence 3awithp = @

Rule1.1.3.5.15:1f g>0 A n (p+q+1) +1# 0,then
J(a+bx")p(c+dx")q(e+fx") dx —

f x (a+bx")'"+1 (c+dx")?

+

b(n(p+q+1) +1)
1

‘J\(a+bx")p(c+dx“)q’1 (c(be-af+ben(p+q+1)) + (d(be-af)+fnq(bc-ad) +bden (p+q+1)) x") dx
b(n(p+q+1) +1)

Program code:

Int[(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_),x_Symbol] :=
fxxx (a+b*xx”n) ~ (p+1) * (c+d*x*n) *q/ (b* (n* (p+q+1) +1)) +
1/ (bx (n* (p+q+1) +1) )
Int [ (a+bxx”~n) Ap* (c+dxx~n) ~ (q-1) *Simp [C* (b*e—a*f+b*e*n* (p+q+1) ) + (d* (b*e—a*f) +fxnxqx (bxc-axd) +bxdxexnx (p+q+1) ) *x"n,x] ,x] /3
FreeQ[{a,b,c,d,e,f,n,p},x] & GtQ[q,0] && NeQ[nx (p+q+1)+1,0]

6. J-(a+bx“)P (e + £ x7) dx

c+dx?

1: e+fxt
[,
(a+bx*)™" (c+dx?)

Derivation: Algebraic expansion

Basis: e+fz - be-af _ (de-cf) (atbz)V4
" (a+bz)3/% (c+d z) (bc-ad) (a+bz)3/4 (bc-ad) (c+dz)

Rule1.1.3.5.1.6.1:



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

e+ fx* be-af 1 de-cf (a+bx“)1’4
J( dx — j( dx - J dx

a+bx*)** (c+dx?) bc-adJ (a+bx*)**  bc-adJ c+dx

Program code:

Int[(e_+Ff_.+x_"4)/((a_+b_.+x_"4)"(3/4)  (c_+d_.*x_"4)) ,x_Symbol] :=
(b*e-a*-F)/(b*C—a*d) *Int[1/ (a+bxx*4)~ (3/4),x] - (d*e—c*f)/(b*c—a*d) *Int[ (a+b*x"4) " (1/4) / (c+dxx"4),x] /;
FreeQ[{a,b,c,d,e,f},x]

dx

). J«(a+bx“)p (e+fx")

c+dx"

Derivation: Algebraic expansion

‘fee €4fz de-cf
Basis: c+dz —d " d (c+d z)

Rule 1.1.3.5.1.6.2:

an £x" £ de-cf bnp
j(a+ x")P e+ X)dlx—> aj(a+bx")"d1x+ edc J(a+ x") .

c+dx" c+dx"

Program code:

Int[(a_+b_.*x_*n_)"p_s(e_+f_.*x_"n_)/(c_+d_.*x_"n_),x_Symbol] :=
f/dxInt[ (a+bxx"n)*p,x] + (dxe-c+f)/d+Int[(a+bxx"n)~p/(c+d+x~n),x] /;
FreeQ[{a,b,c,d,e,f,p,n},x]



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

7: J(a+bx")p (c+dx")9 (e+fx") dx

Derivation: Algebraic expansion

Rule 1.1.3.5.1.7:

J(a+bx")p (c+dx")? (e+fx") dx — eJ(a+bx")p (c+dx")qd1x+-FJx" (a+bx")? (c+dx")dx

Program code:

Int[(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_),x_Symbol] :=
exInt[ (a+bxx”*n) ~p* (c+dxx*n)*q,x] + FxInt[x*n* (a+bxx*n) p* (c+dxx*n)*q,x] /;
FreeQ[{a,b,c,d,e,f,n,p,q},x]



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

2. J(a+bx“)P (c+dx")T (e+ £x*)"dx whenpez-

dx

. J-(c+dx2)q (e+Fx2)"

a+bx?

1:J ! dx
(a+bx?) (c+dx?) Ve+fx?

Derivation: Algebraic expansion

Basis: L b - d

(a+b z) (c+d z) (bc-ad) (a+bz) (bc-ad) (c+dz)

Rule1.1.3.5.2.1.1:

b d
J ! dx — J ! dx - J ! dx
(a+bx2) (c+dx2)\/e+1:xZ bc-ad (a+bx2)\/e+1:x2 bc-ad (c+dx2)\/e+-Fx2

Program code:

Int[1/((a_+b_.*x_"2)* (c_+d_.*x_"2) »Sqrt[e_+f_.xx_"2]),x_Symbol] :=
b/ (bxc-axd) *Int [1/( (a+bxx”2) xSqrt [e+‘F*x"2] ) ,x] -
d/ (bxc-axd) +Int[1/( (c+d*x"2) +Sqrt[e+Ff+x 2]),x] /;
FreeQ[{a,b,c,d,e,f},x]

Int[1/(x_"2x (c_+d_.*x_"2) +Sqrt[e_+f_.xx_~2]),x_Symbol] :=
1/c*Int[1/(x~2xSqrt[e+fxx 2]),x] -
d/cxInt[1/( (c+d+x"2) xSqrt[e+fxx"2]),x] /;
FreeQ[{c,d,e,f},x] & NeQ[dxe-cxf,0]

10



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

dx

” J-\/c+dx2 Ve+fx?

a+bx?

Derivation: Algebraic expansion

BaS|S. Nesdz  __ d + bc-ad

a+bz bvVc+dz b (a+bz) Vc+dz

Rule 1.1.3.5.2.1.2:

dx

J-‘/c+dx2 Ve +fx? 4 dJ-Versz 4 bc-adJ\ Ve+fx?

X +
a+bx* bJVcrdx? b a+bx2)\/c+dx2

Program code:

Int[Sqrt[c_+d_.+x_"2]+Sqrt[e_+f_.xx_"2]/(a_+b_.*x_"2),x_Symbol] :=
d/bxInt[Sqrt[e+f*x"2] /Sqrt[c+d«x"2],x]| + (bxc-axd)/bxInt[Sqrt[e+f»x"2]/((a+bxx"2)*Sqrt[c+d*x 2]),x] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[d/c,0] & GtQ[f/e,0] && Not[SimplersqrtQ[d/c,f/e]]

Int[Sqrt[c_+d_.+x_"2]+Sqrt[e_+f_.xx_"2]/(a_+b_.*x_"2),x_Symbol] :=
d/bxInt[Sqrt[e+f+x 2] /Sqrt[c+d«x"2],x] + (bxc-axd)/bxInt[Sqrt[e+f+x"2]/((a+bxx"2)+Sqrt[c+d+x 2]),x] /;
FreeQ[{a,b,c,d,e,f},x] && Not[SimplerSqrtQ[-f/e,-d/c]]

11



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

1
3.J dx
(a+bx?) Ve+dx® Ve fx?

1 d f
1: d1xwhen:>e/\;>e
(a+bx?) Ve+rdx2 Ve+fx?

Derivation: Algebraic expansion

Basis: 1 S f ; —besfx
(arbx?) Verfx? (be-af) Verfx2  (be-af) (a+bx?)

Rule 1.1.3.5.2.1.3.1: If% >0 A g > 0, then

Ve+fx?

1 f 1
dx — - j dx +
(a+bx2)ﬂ/c+dx2 Ve +fx? be-afJ e, dx Verfx?

Program code:

Int[1/((a_+b_.*x_"2)#Sqrt[c_+d_.*x_~2]+Sqrt[e_+f_.+x_"2]),x_Symbol] :=
—-F/(b*e—a*-F) *Int [1/(Sqr't [c+d*x"2] xSqrt [e+f*x"2] ) ,x] +
b/ (bxe-af) +Int[Sqrt[e+Ff«x 2]/ ((a+b*x"2) +Sqrt [c+d+x 2]),x] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[d/c,0] & GtQ[f/e,0] && Not[SimplersqrtQ[d/c,f/e]]

1
Z.J dlxwhen%}e
(a+bx?) Ve+dx® Verfx?

1
1:[ dlxwhen‘:—}o/\c>eAe>e
(a+bx2) Ve+dx® Ve+fx?

Rule1.1.3.5.2.1.3.2.1: If g +O AC>0 A e>0,then

Ji

a+bx2)\lc+dx2

dx

12



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

1 1 bc d cf

dx — EllipticPi[—d, Ar‘cSin[ -— x], d_

bx?) Vc+dx? Ve+fx [ a ¢ €
(a+bx?) Ve+dx e+ a VAT _%

Program code:

Int[1/((a_+b_.*x_"2) +Sqrt[c_+d_.*x_~2]+Sqrt[e_+f_.+x_"2]),x_Symbol] :=
1/ (a*Sqrt[c]*Sqr't[e]*Rt[—d/c,Z])*EllipticPi[b*c/(a*d), ArcSin[Rt[-d/c,2] *x], c*-F/(d*e)] /3
FreeQ[{a,b,c,d,e,f},x] && Not[GtQ[d/c,0]] && GtQ[c,0] & GtQ[e,0] && Not[Not[GtQ[f/e,0]] & SimplersqrtQ[-f/e,-d/c]]

1
Z:J dlxwhen%j»e/\c}e
(a+bx2) Verdx2 Vesrfx?

Derivation: Piecewise constant extraction

f 1+94 x2
Basis: Oy =0

A/ c+d x? o
Rule 1.1.3.5.2.1.3.2.2: If% +0 A C ¥ 0,then

J 1 4’1+—X \J\ 1
(a+bx2)

dx
a+bx +% x> Ve+fx?

dx

) Verdx® Ve+ fx2 Ve+rdx®

Program code:

Int[1/((a_+b_.*x_"2) +Sqrt[c_+d_.*x_~2]Sqrt[e_+f_.+x_"2]),x_Symbol] :=
Sqrt[1+d/c*x"2]/Sqrt[c+d«x"2] xInt[1/( (a+bxx"2) +Sqrt[1+d/cxx"2] +Sqrt[e+f+x2]),x] /;
FreeQ[{a,b,c,d,e,f},x] && Not[GtQ[c,O]]

13



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

4_J Verdx®
(a+bx?) Ve+fx2
“J Vesdx®
(a+bx?) Ve+fx?

dx

dx when % >0

Derivation: Piecewise constant extraction

m | c(e+fx?)
. e fc+dx
Basis: Oy ==

Verfx?

Rule1.1.3.5.2.1.4.1: If g > 0, then

Ve+dx? Ves+fx? cVe+fx? .
dx — dx — E111pt1cP1[1 ArcTan[ - x - —

a+bx?) Ve + fx? (es£x2) 2
) eVec+dx? C e+fx a+bx c (e+fx ae d 4,C+dX2 c (e+fx
(c+dx?) e (c+dx?) c e (c+dx?)

dx

(a+bx2)\/e+-Fx2 Ves+fx®

[ ' c (e+fx? [ 2 ’ c (e+fx?)
Ve +dx? crdx® e (c+dx?) c+dx e (c+dx?)
dx — E111pt1cP1[1— Ar‘cTan[ - x -—

cefx
a+bx + a ’%«/er,:xz

e (c+dx?)

Program code:

Int[Sqrt[c_+d_.+x_"2]/((a_+b_.*x_"2)*Sqrt[e_+f_.+x_"2]),x_Symbol] :=
cxSqrt [e+f*x"2]/(a*e*Rt [d/c,2] »Sqrt [c+d*x"2] *Sqrt [C* (e+f*x"2)/(e* (c+d*x”2)) ] ) *
EllipticPi[l—b*c/(a*d),Ar‘cTan[Rt[d/c,Z]*x],1—c*-F/(d*e)] /3
FreeQ[{a,b,c,d,e,f},x] && PosQ[d/c]

(*» Int[Sqrt[c_+d_.*x_"2]/((a_+b_.*x_"2) xSqrt[e_+f_.*x_~2]),x_Symbol] :=
Sqrt [c+d«x 2] +Sqrt [cx (e+fxx"2) / (ex (c+dxx2)) ]/ (a*Rt[d/c,2] *Sqrt [e+f+x 2] )«
EllipticPi[1-bxc/ (axd),ArcTan[Rt[d/c,2]*x],1-cf/(dxe)] /;
FreeQ[{a,b,c,d,e,f},x] && PosQ[d/c] =)

14



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

dx when % 0

Z'J Ve+dx?
(a+bx2) Ve+fx?

Derivation: Algebraic expansion

BaS|S: A crd X2 = d + bc-ad
arbx b\ c+d x? b (a+bx?) \ cxdx?
© Rule1.1352.1.4.2:1f ¢ 5 @, then

1

J Ve+dx? d 1
dlx—»—j dx +
(a+bx?) Verfx2 bJ Vevdx® Verfx2

Program code:

Int[Sqrt[c_+d_.+x_"2]/((a_+b_.*x_"2)*Sqrt[e_+f_.+x_"2]),x_Symbol] :=
d/bxInt[1/(Sqrt[c+d+x"2] +Sqrt[e+f+x 2]),x] +
(bxc-axd) /bxInt [1/( (a+b#x"2) xSqrt [c+d»x"2] xSqrt[e+fxx2]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NegQ[d/c]

5 J-(c+dx2)q (e+Fx2)"

3 dx whenq >0
a+bx

1_J~ Ve+fx? ‘
. (a+b

dx when 250 A £50
x2) (c+dx2)3/2 € €

Derivation: Algebraic expansion

Basis: i = b - d -~
(a+bx?) (c+dx?) (bc-ad) (a+bx?) \ crd x? (bc-ad) (c+dx?)

Rule 1.1.3.5.2.1.5.1: If g >0 A g > 9, then

J(a+bx2)

Ve+dx2 Ves+fx?

dx

15



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

e+ fXx b e+fx d e+ fXx
Vertd Verrd [z
X — X -
(a+bx?) (c+dx2)3/2 bc-ad (a+bx2)m bc-ad (c+dx2)3/2
Program code:
Int[Sqrt[e_+f_.+x_"2]/((a_+b_.*x_"2)» (c_+d_.*x_"2)~(3/2)),x_Symbol] :=
b/(b*c—a*d)*Int[Sqrt[e+f*xA2]/((a+b*xA2)*Sqrt[c+d*xA2]),x] =
d/ (bxc-axd) »Int [Sqrt[e+fxx"2]/(c+d*x"2)"(3/2),X] /;
FreeQ[{a,b,c,d,e,f},x] && PosQ[d/c] && PosQ[f/e]
e+fx 3/2 P ‘
2: j dx when=>0 A =>0
a+ bx c +dx? )3/2 € €
Derivation: Algebraic expansion
O e+f x? . be-af _ de-cf
BaSIS. (a+bx?) (c+dx?) " (bc-ad) (a+bx?) (bc-ad) (c+dx?)
Rule1.1.3.52.1.5.2:1f ¢ >0 A £ > @,then
e+ fx2)%? be-af e+ fx? de-cf e+ fx?
( a Al a [
X — X -
(a+bx?) (c+dx2)3/2 bc-ad (a+bx2)m bc-ad (c+dx2)3/2

Program code:

Int[(e_+f_.xx_"2)" (3/2) / ((a_+b_.#x_"2) * (c_+d_.*x_"2)"(3/2)) »X_Symbol] :=
(b*e—a*f)/(b*c—a*d) *Int [Sqr't [e+f*x"2]/( (a+bxx”2) xSqrt [c+d*xx"2]) ,x] -
(dxe-cxf) /(bxc-axd) +Int[Sqrt[e+Ffxx 2]/ (c+d*x*2)"(3/2),x] /;

FreeQ[{a,b,c,d,e,f},x] && PosQ[d/c] && PosQ[f/e]

dx
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

dlxwhen%>9/\ £>0

a+bx?

N J(c+dx2)3/2m

Derivation: Algebraic expansion

BaSiS: (c+d x2)3/? . (bc-ad)? . d (2bc-ad+bdx?)
arbx? b? (a+bx?) \ c+d x? b% 1\ c+d x?
Rule1.1.3.52.1.5.3:1f ¢ >0 A £ > 0,then

a+bx? b?

J(c+dx2)3/2‘\/e+1=x2 g (bc—ad)ZJ Ve+fx?
X —
(a+bx?) Vc+dx?

Program code:

Int[(c_+d_.*x_"2)~(3/2) +Sqrt[e_+f_.xx_"2]/(a_+b_.*x_"2),x_Symbol] :=
(bxc-axd) *2/b 2+ Int[Sqrt[e+Fxx 2]/ ((a+b*x"2) +Sqrt [c+d+x 2]),x] +
d/b"2+Int [ (2xbxc-axd+bxd«x"2) xSqrt [e+f*x"2]/Sqrt [c+d*x”2],x] /3

FreeQ[{a,b,c,d,e,f},x] && PosQ[d/c] && PosQ[f/e]

4 J-(c+dx2)q (e+Fx?)"

" dx whenq<-1 A r>1
a+bx

Derivation: Algebraic expansion

BaSIS. (c+dx?)9 (e+fx?) b (be-af) (c+dx?)*? _ (c+dx?)9 (2bcde-ad?e-bc? f+d? (be-af) x?)
: a+b x? 7 (bc-ad)? (a+bx?) (bc-ad)?
Rule1.1.3.5.2.1.5.4:1f g < -1 A r > 1, then
(c+dx?)9 (e+fx?)"
J dx

a+bx?

dx + —

—

2bc—ad+bdx2) Ve+fx?

J (

Ve+dx?

dx

17



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

b(be—af)‘f(c+dxﬂqﬂ(e+fxﬂr4 1

(bc-ad)? a+bx? (bc-ad)?

Program code:

Int[(c_+d_.*x_"2)"q_x (e_+f_.*x_"2)~r_/(a_+b_.*x_"2),x_Symbol] :=

b (b*e—a*f)/(b*c—a*d) "Z*Int[ (c+dxx"2) " (q+2) * (e+f*x"2) 2 (r‘—1)/(a+b*x"2) ,x] -

1/ (bxc-axd) *2xInt [ (c+d*x"2) *q* (e+-F*x"2) A(r-1) % (2*b*C*d*e—a*d"Z*e—b*c"Z*f+d"2* (b*e-a*f) *x"Z) ,X] /5
FreeQ[{a,b,c,d,e,f},x] && LtQ[q,-1] && GtQ[r,1]

dx whenq>1

5. J(c+dx2)°I (e+Fx2)"

a+bx?

Derivation: Algebraic expansion

Basis: c +dz == 9(azbz) , bec-ad

b b
 Rule1.1.3.5.2.155:1f q > 1, then
(c+dx?)? (e+ Fx2)" d 2\ a1 - bc-ad (c+dx2)q'1 (e+fx?)"
J b dx — bJ-(c+dx) (e+fx*)"dx+ . J b dx

Program code:

Int[(c_+d_.*x_"2)~q_*(e_+f_.xx_"2)~r_/(a_+b_.*x_"2),x_Symbol] :=
d/bsInt [ (c+d*x"2)~(q-1) » (e+Fxx"2)*r,x]| +
(bxc-axd) /bxInt[ (c+d+x"2) " (q-1) » (e+fxx"2) *r/ (a+bxx*2) ,x]| /;
FreeQ[{a,b,c,d,e,f,r},x] & GtQ[q,1]

dx whenqgzx< -1

6 J(c+dx2)q (e+Fx2)"

a+bx?

dx - J(c+dx2)q (e+1:xz)r'1 (2bcde-ad2e—bc21=+d2 (be-af) xz) dx
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

dx whenq«< -1

.. J«(c+dx2)q (e+Fx?)"

a+bx?

Derivation: Algebraic expansion

Basis: (c+d x?)9 . b (c+d x2) 42 d (2bc-ad+bdx?) (c+dx?)
" asbx? (bc-ad)? (a+bx?) (bc-ad)?

Rule 1.1.3.5.2.1.6.1: If g < -1, then

d

dx —
a+bx? (bc-ad)?

(c+dx®)? (e+Fx?)" 2 (c+dx2)q+2 (e+fx?)"
J el

a+bx?

Program code:

Int [ (c_+d_.*x_"2)"q_=* (e_+-F_. *x_"Z) "r_/(a_+b_. *X_"2) ,x_Symbol] E=

b2/ (bxc-axd) A2+Int [ (c+d*x"2)~ (q+2) » (e+fxx 2) ~r/ (a+bxx”2) ,x] -

d/ (bxc-axd) *2xInt [ (c+dxx"2) ~q* (e+-F*x"2) Arx (2xbxc-axd+bxdxx”2) ,X] /3
FreeQ[{a,b,c,d,e,f,r},x] & LtQ[q,-1]

dx -

(bc-ad)?

J‘(c+dx2)q (e+fx*)" (2bc-ad+bdx?) dx

19



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

dx whenqzx< -1

. J«(c+dx2)q (e+Fx?)"

a+bx?

Derivation: Algebraic expansion

BaSiSZ 1 == - d (a+bz) + b (c+d z)
bc-ad bc-ad

Rule 1.1.3.5.2.1.6.2: If g < -1, then

d 2\1q f 2\r d 2\ q+l £ 2\r
J-(c+ x)" (e +£x) dx — - d j(c+dx2)q(e+fx2)rdx+ b J(C+ X)) e+ £x7) dx
a+bx? bc-ad bc-ad a+bx?

Program code:

Int [ (c_+d_.*x_"2)"q_=* (e_+-F_. *x_"Z) "r_/(a_+b_. *X_"2) ,x_Symbol] E=
-d/ (bxc-axd) xInt[ (c+dxx"2) qx (e+f*x"2)*r,x]| +
b/ (bxc-axd) xInt [ (c+d*x”~2) ~ (q+1) * (e+f*x"2) "r/(a+b*x"2) ,X] /5
FreeQ[{a,b,c,d,e,f,r},x] & LeQ[q,-1]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

dx when-1<q<0 A -1<r<®o

) J~(c+dx2)p (e+Fx2)°

(a+bx2)2

1 J-\/c+dx2 Ve+fx?

dx
(a+bx2)2
Rule 1.1.3.5.2.2.1:
Ve+rdx® Ve+fx?
j dx —
(a+bx2)2
xVe+rdx® Ve+fx? df a-bx? b>ce-a?df 1
+ 2\[ dx + )
2a (a+bx?) 2ab®J o dx? Ve+fx2 2ab (a+bx?) Ve+rdx? Ve+rfx2

Program code:

Int[Sqrt[c_+d_.+x_"2]+Sqrt[e_+f_.+x_"2]/(a_+b_.*x_"2)"2,x_Symbol] :=

x*Sqrt [c+d#x~2] #Sqrt[e+f»x"2] /(2xax (a+bxx"2)) +

d*'F/(Z*a*b"2) *Int [ (a—b*x"Z)/(Sqr't [c+dxx”~2] xSqrt [e+‘F*x"2] ) ,x] +

(br2xcxe-ar2xdxf) / (2xaxb 2) +Int[1/( (a+bxx"2) xSqrt[c+d«x 2] +Sqrt [e+f+x~2]),x] /;
FreeQ[{a,b,c,d,e,f},x]

dx
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

1
Z:J dx
(a+bx2)2\/c+dx2 Ve+fx?

Rule 1.1.3.5.2.2.2:

1
v[\ dx —
(a+bx2)2'\/c+dx2 Ve + fx?

b2xVec+dx® Ve+fx? df j a+bx? bzce+3a2df-2ab(de+cf)J 1
(a+bx2)

- dx +
2a(bc-ad) (be-af) (a+bx?) 2a(bc-ad) (be-af) J/c,dx? Vesfx? 2a(bc-ad) (be-af) Verde Verfd

Program code:

Int[1/((a_+b_.*x_"2)"24Sqrt[c_+d_.*x_"2]+Sqrt[e_+f_.xx_"2]),x_Symbol] :=

b 2xxxSqrt[c+d*x"2] *Sqrt [e+f*x"2]/(2*a* (bxc-axd) * (b*e—a*-F) * (a+b*x"2) ) -

d*f/(Z*a* (bxc-axd) * (b*e—a*f) ) *Int [ (a+b*x"2)/(5qr‘t [c+d*x”*2] xSqrt [e+f*x"2] ) ,X] +

(b"z*c*e+3*a"2*d*f—2*a*b* (d*e+c*f) )/(Z*a* (bxc-axd) » (b*e—a*f) ) *Int [1/( (a+bxx”2) xSqrt [c+d*x"2] *Sqrt [e+'F*X"2] ) ,X] /3
FreeQ[{a,b,c,d,e,f},x]

dx
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

3: J(a+bx")p (c+dx")% (e+Ffx")"dx whenpez-A q>0

Derivation: Algebraic expansion

Basis:c+dz==d—(a;il+%

Rule1.1.3.5.24:1f peZ~ A q > 0, then

J(a+bx")p (c+dx“)q (e+fx")"d1x —
bc-ad

Ej(a+bx")p+1 (c+dx")q'1 (e+-Fx")'"dlx+ J-(a+bx")p (c+dx")q'1 (e+-Fx")'"dlx

Program code:

Int[(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)"q_x (e_+F_.«x_"n_)"r_,x_Symbol] :=
d/b*Int [ (a+b*x”n) " (p+1) » (C+d*x"n) ~ (q-1) » (e+F*x n)~r,x| +
(bxc-axd) /bxInt[ (a+bxx"n) Apx (c+dxx*n) " (q-1)  (e+fxx"n)~r,x] /;
FreeQ[{a,b,c,d,e,f,n,r},x] & ILtQ[p,0] && GtQ[q,0]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

4: J(a+bx")p (c+dx")9 (e+Ffx")"dx whenpez-A qs-1

Derivation: Algebraic expansion

Basis: 1 - - d(atbz) b (c+d2z)

bc-ad bc-ad
Rule1.1.3.5.25:1f pez~ A q < -1, then
J(a+bx")p(c+dx“)q(e+-Fx“)'"d1x —
b 1 n\r d n\ p+1
bc_adJ-(a+bx")p(c+dx")q" (e+-Fx) dx_bc—adj(a+bx) (

Program code:

Int[(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)"q_x (e_+F_.«x_"n_)"r_,x_Symbol] :=
b/ (bxc-axd) It [ (a+bxx"n) *px (c+d*x"n) ~ (q+1) » (e+F»x n)~r,x]| -
d/ (bxc-axd) *Int[ (a+b*x”n)~ (p+1) x (C+d+x"n) *qx (e+Ffxx*n)~r,x]| /;
FreeQ[{a,b,c,d,e,f,n,q},x] & ILtQ[p,0] && LeQ[q,-1]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r 25

3. j(a+bx2)p (c+dx2)q (e+fx2)rd1x
1

1:J
Va+bx2 Vec+dx® Ve+fx?

dx

Derivation: Piecewise constant extraction and integration by substitution

- A/ c+d x2 LEM)L
. e (a+bx?
Basis: Oy -
/ > a (c+dx?
Sk c (a+bx?)
Basis: 1 =1 Subst{ 1 , X, X 3 X
A/ 2 ~/ 2
(a+b X2> 3/2 a (c+d x?) a (e+fx2) a 1 (bc-ad) 2 1_lbeaf 2 a+b x a+b x
c (a+bx?) e (a+bx?) c e
Rule 1.1.3.5.2.3.1:
/c +dX ' a (e+f x?
1 e a+bx 1
J dx — dx
'\/a+bX2 \/C+dX2 \/e+-Fx2 cm a(c+dx?) c+Zx a+bx 3/2 agcn;xj; \/age»,:xz;
e a+ x? X
— Subst [J dx, x, —]
cVerfa® a(c+dx) \/ (be- ad)x \/1 (be- af)x Va+bx?
c (a+bx?

Program code:

Int[1/(Sqrt[a_+b_.*x_"2]*Sqrt[c_+d_.*x_~2]+Sqrt[e_+f_.+x_"2]),x_Symbol] :=
Sgrt[c+dxx"2] xSqrt [a* (e+f*x"2)/(e* (a+bxx”2)) ]/(C*Sqr‘t [e+'F*x"2] *Sqrt[ax (c+d*x”2) / (cx (a+bxx"2)) ] ) *
Subst [Int[1/(Sqrt[1- (bsxc-axd)*x"2/c]+Sqrt[1- (bxe-a+f)+x*2/e]),x],x,x/Sqrt[a+b*x"2]] /;
FreeQ[{a,b,c,d,e,f},x]



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

a+bx
2: j dx
Verdx2 Vesrfx?

Derivation: Piecewise constant extraction and integration by substitution

m | a e+fx2
e a+bx2
Basis: Oy =0

e f x2 a(c+dx?)

c a+bx2)

Basis: L = Subst | L X,
m\/ c»dxi \/a (e’fxz) (1—bx2) Jl bc-ad) x? 1- be-af) x? a+bx
(a+b x e (a+bx?) c e
Rule 1.1.3.5.2.3.2:
—\/T ea+bx
J a+bx ax dx
2 f 2 2
Veat Vet e e «/T\/ cad) feleetd]

ae-Fx
a Vc+dx? aferfxd)

e (a+bx?) 1 X
— Subst[ dx, X, —]

ac+dx Va+bx2
cVe+fx?

(1—bX2) \/1_ (bc-ad) x* \/1_ (be-af) x?
a+bx) c e

Program code:

Int[Sqrt[a_+b_.+x_"2]/(Sqrt[c_+d_.*x_~2]+Sqrt[e_+f_.*x_~2]),x_Symbol] :=
axSqrt[c+d«x 2] +Sqrt [ax (e+fxx 2) / (ex (a+bxx2)) ]/ (cSqrt[e+fxx 2] xSqrt[ax (c+dxx"2) / (cx (a+bxx"2))])
Subst[Int [1/( (1-b*x"2) #Sqrt[1- (bxc-a+d) x"2/c]+Sqrt[1- (bxe-axf) «x"2/e]),x],x,x/Sqrt[a+b*x"2]] /;
FreeQ[{a,b,c,d,e,f},x]

By —X
x \/ a+b x?
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

dx

3_J Ve+dx?
(a+bx2)3/2 Ve +fx?

Derivation: Piecewise constant extraction and integration by substitution

- [crd X2 a (e+f x?)
. e (a+b x?)
Basis: Oy -
/ 2 a (c+dx?
erfx c (a+bx?)

- a (c+dx? 1- (bc-ad) x?
X c (a+bx?) 1 c X X
Basis: == = Subst y Xy —— Oy ——
e

)
= X
<a+bx2)”2 | a(efx2) a L lbeaf s \/a+b x? v a+b x?
e (a+bx?) -

Rule 1.1.3.5.2.3.3:

N 2 ' a (e+fx? a (c+dx?
J Vc+d X2 c+dx e (a+bx2) c (a+bx2)

dx — dx
a+bx®)¥?Ve+fx? o2 )
(o) 7N VerFa [l Vg e [eleea)

c (a+bx?) e (a+bx?)
»\/c +dx2 a (e+fx2) 1- (bc-ad) x?

(a+bx?) c %
Subst[ —_——dx, X, —]
a 'e+-Fx2 'a c+d x?) 1- (be-af) x2 Va+bx?
c (a+bx?)

e

Program code:

Int[Sqrt[c_+d_.+x_"2]1/((a_+b_.*x_"2)"(3/2) +Sqrt[e_+f_.*x_*2]),x_Symbol] :=
Sqrt[c+d«x~2] #Sqrt[ax (e+f«x 2) /(ex (a+bxx"2)) | /(a»Sqrt [e+Ffxx 2] xSqrt [ax (c+d*x"2) / (cx (a+bxx"2))])*
Subst [Int[Sqrt[1- (bxc-axd)«x"2/c]/Sqrt[1- (bxe-axf)+x"2/e],x],x,x/Sqrt [a+b*x"2]] /;
FreeQ[{a,b,c,d,e,f},x]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

dx

4 J-\/a+bx2 Ve+dx?
Ve+fx?
1 Va+bx2 Vec+dx?

Ve +fx?

dx when

de-
ecf>e
c

Rule 1.1.3.5.2.3.4.1: If de;—cf > 0, then

Va+bx? Vec+dx?

X —
dxVa+bx2 Ve+fx? _C(de—Cf)J Va+bx? dxs
N T 2¢ (c+dxt) Verr
bc(de—cf)J« 1 dlx_bde—bcf—adf‘J* Veed
2df Va+bx? Vec+dx® Ve+fx2 2df Va+bx® Ve+fx2

Program code:

Int[Sqrt[a_+b_.+x_"2]+Sqrt[c_+d_.+x_"2]/Sqrt[e_+f_.+x_"2],x_Symbol] :=
dxxxSqrt [a+bxx 2] xSqrt [e+f+x 2]/ (2+f+Sqrt [c+d*x"2]) -
Cx (d*e—c*f)/(Z*f) *Int [Sqrt [a+b*x"2]/( (c+dxx"2) ~ (3/2) xSqrt [e+'F*x"2] ) ,x] +
bxc* (d*e—C*f)/(Z*d*f) *Int [1/(Sqr't [a+b*x”~2] »Sqrt [c+d*x"2] *Sqrt [e+f*x"2] ) ,x] -
(bxdxe-bxcxf-axd«f) /(2xd«f) +Int[Sqrt[c+d«x 2] /(Sqrt [a+bxx 2] xSqrt [e+f+x 2]),x] /;
FreeQ[{a,b,c,d,e,f},x] && PosQ[ (dxe-cxf) /c]

dx when dec;“c $+0

” J\\/a+bx2 Ve +dx?
Ve+fx?

Rule 1.1.3.5.2.3.4.2: If dec;cf + 0, then

J~Va+bx2 Ve+dx?
Ve +fx?



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

xVa+bx® Vc+dx® +e(be—af) Verdx® dxs
Ve R 26 ) Vavon (esfr2)?”
(be-af) (de—2cf)J- 1 dlx_bde—bcf—ade- Ve+fx?
22 Va+bx? Ye+dx® Ves+fx? 2 f2 Va+bx* Yc+dx®

Program code:

Int[Sqrt[a_+b_.+x_"2]+Sqrt[c_+d_.*x_"2]/Sqrt[e_+f_.xx_"2],x_Symbol] :=
x*Sqrt [a+bsx"2] +Sqrt[c+d*x"2] /(2+Sqrt[e+fxx2]) +
ex (bxe-axf) /(2+f) xInt[Sqrt[c+d*x2] /(Sqrt[a+bxx"2] * (e+F+x"2)~ (3/2)),x] +
(b*e—a*f) * (d*e—Z*c*f)/(Z*f"2) *Int [1/(Sqr't [a+bxx"2] xSqrt [c+d*xx"2] *Sqrt [e+f*x"2] ) ,x] -
(b*d*e—b*C*‘F—a*d*'F)/(2*‘F"2) *Int [Sqr‘t [e+f*x"2]/(Sqr‘t [a+bxx*2] xSqrt [c+d*xx"2]) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NegQ[ (dxe-cxf)/c]

dx
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

5 J-\/a+bx2 Ve+dx?

(e+-Fx2)3/2

Derivation: Algebraic expansion

Basis: v/ a+b x? o b be-af

(e+fx?)*?  £/arbx® Verfx2 f/arbx? (erfx?)??

Rule 1.1.3.5.2.3.5:
J*\/a+bx2 Ve+dx? 4 bJ Ve+dx? be-af Ve+dx?
X — — X -
(e+fxz)3/2 flVarbx Ve+fx? f \/m(e+-Fx2)3/2

Program code:

Int[Sqrt[a_+b_.+x_"2]#Sqrt[c_+d_.xx_"2]/(e_+f_.*x_"2)"(3/2),x_Symbol] :

b/f+Int[Sqrt[c+d+x"2]/(Sqrt[a+bxx"2] +Sqrt[e+f+x 2]),x] -
(bxe-axf) /FxInt[Sqrt[c+d*x"2]/(Sqrt[a+bxx2]x (e+f+x"2)~(3/2)),x] /;
FreeQ[{a,b,c,d,e,f},x]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

4: J(a+bx")p (c+dx")q (e+fx“)"d1x whennez*

Derivation: Algebraic expansion
Rule1.1.3.5.3:If n Z", letu- ExpandIntegrand[ (a+bx")” (c+dx")? (e+fx")", x], ifuisa sum, then

J(a+bx")p (c+dx")q (e+fx")"d1x — Judlx

Program code:

Int[(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)"q_x (e_+F_.+x_"n_)"r_,x_Symbol] :=
With[{u=ExpandIntegrand [ (a+bx"n) "px (c+d+x"n) ~qx (e+fxx*n)~r,x]},
Int[u,x] /;

sumQ[ul] /;
FreeQ[{a,b,c,d,e,f,p,q,r},x]| && IGtQ[n,0]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

5: J(a+bx")p (c+dx")q (e+fx“)"d1x when nez-

Derivation: Integration by substitution

Basis: F [x] == —-Subst M, X, ¥ o
X2 X

X =

X

Rule 1.1.3.5.4:If n € Z, then

[(ae850)7 (c0ax)* (en 20)7ax — -supse] [V LT for D)

2

X

Program code:

Int[(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)"q_x (e_+F_.+x_"n_)"r_,x_Symbol] :=
-Subst [Int[ (a+bxx” (-n))"px (c+dxx” (-n)) g« (e+Fxx" (-n) ) *r/x*2,x],x,1/x] /;
FreeQ[{a,b,c,d,e,f,p,q,r},x] && ILtQ[n,0]

u: J(a+bx“)p (c+dx")q (e+fx")rd1x

Rule 1.1.3.5.X:
j(a+bx")p (c+dx")q (e+-Fx")'"dlx — j(a+bx")p (c+dx")q (e+-Fx")'"d1x
Program code:

Int[(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_)"r_.,x_Symbol] :=
Unintegrable[ (a+bxx”n) ~p* (c+dx"n) ~qx (e+f+x"n)~r,x] /;
FreeQ[{a,b,c,d,e,f,n,p,q,r},x]

1
dx, X, —]
X
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

S:Jwa+buﬂp(c+duﬂq(e+fuﬂ"dxvmenu=g+hx

Derivation: Integration by substitution
Rule 1.1.3.5.S: If u == g + h x, then

1
J(a+bu")p(c+du")q (e+fu")"dx — ;Subst[J(a+bx")p(c+dx")q (e+x)"ax, x, u]

Program code:

Int[(a_.+b_.#u_"n_)"p_.x(c_.+d_.#v_"n_)"q_.(e_.+f_.+w_"n_)~r_.,x_Symbol] :=
1/Coefficient[u,x,1]*Subst[Int[(a+b*xAn)Ap*(c+d*xAn)Aq*(e+f*xAn)Ar,x],x,u] /3
FreeQ[{a,b,c,d,e,f,p,n,q,r},x]| & EqQ[u,v] & EqQ[u,w] && LinearQ[u,x] && NeQ[u,x]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

6. J(a+bx“)P (c+dx™)? (e+ £x7)"dx

1: J(a+bx")p (c+dx")? (e+fx")"dx when qez

Derivation: Algebraic normalization

Basis: If g € Z,then (c +d x ") 9 == {(d+cx)

xna

Rule 1.1.3.5.5.1:If q € Z, then

a+bx")? (d+cx")? (e+fx")"

J.(a+bx")p (c+dx ™) (e+fx")"dx — J(

x"d

Program code:

Int[(a_.+b_.#x_"n_.) p_.*(C_+d_.#x_"mn_.)"q_.*(e_+f_.*x_"n_.)"r_.,x_Symbol] :=
Int [ (a+b+x"n) ~px (d+cxxn) Aqx (e+Fxxn) Ar/x” (nxq) ,x] /;
FreeQ[{a,b,c,d,e,f,n,p,r},x] && EqQ[mn,-n] && IntegerQ[q]

dx
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

2: J(a+bx")p (c+dx™")? (e+fx")"dx whenpez A rez

Derivation: Algebraic normalization
Basis: If p € Z,then (a+ b x")P == x"P (b+ax™"™)P
Rule 1.1.3.5.5.2:1f pe Z A r € Z, then

j(a+bx")p (c+dx'“)q (e+fx")rd1x — Jx" (p+r) (b+ax'")p (c+dx'“)q (f+ex'")rcilx

Program code:

Int[(a_.+b_.#x_"n_.)"p_.* (C_+d_.#x_"mn_.)"q_.* (e_+f_.*x_"n_.)"r_.,x_Symbol] :=
Int[x” (n# (p+r) ) * (b+axx” (-n)) ~p* (C+d*x" (-n) ) ~qx (F+exx” (-n) ) *r,x] /;
FreeQ[{a,b,c,d,e,f,n,q},x] & EqQ[mn,-n] 8&& IntegerQ[p] && IntegerQ[r]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

3: J(a+bx")p (c+dx")? (e+fx")"dx when q¢z

Derivation: Piecewise constant extraction

Basis: Oy X" (c+dx M3 __ g

(d+cxM)d
. x"4q (C+d X—n>q o XnFr‘acPar‘t[q} (C+d an)Fr‘acPar‘t[q]
BaS|S. (d+CXn)q - (d+C Xn)Fr‘acPar‘t[q]
Rule 1.1.3.5.5.3:If g ¢ z, then
X FracPart([q] (C +dx_n)Fr‘acPar‘t[q] (a " bxn)P (d . CXn)q (e +.FXn)f‘
J(a+bx")"(c+dx'")q(e+fx")rd1x—» dx
(d +C Xn) FracPart[q] xn4d

Program code:

Int[(a_.+b_.#x_"n_.) p_.*(C_+d_.#x_"mn_.)~q_x (e_+F_.+x_"n_.) r_.,x_Symbol] :=
X~ (nxFracPart[q]) « (c+d+x” (-n) ) "FracPart [q] / (d+cxx”n) AFracPart [q] »Int [ (a+bxx"n) "px (d+c*x”n) Aqx (e+Fxx"n) Ar/x” (nxq) ,x]| /;
FreeQ[{a,b,c,d,e,f,n,p,q,r},x] & EqQ[mn,-n] && Not[IntegerQ[q]]
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Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r 37

Rules for integrands of the form (a + bx")? (c +dx")? (ey + f; x"2)" (e, + f, x"?)"

1. j(a+bx")p (c+dx")? (eq +F1x"2)" (ez+ F2x"?)"dx when e, f; + e, f, == @

1: J‘(a+bx")p (c+dx")q (e1+f1x"/2)" (e2+f2x"/2)rdx when e, f;+e;f,=0 A (reZ V e; >0 A e, >0)

Derivation: Algebraic simplification
Basis:If e;f1+e1f, =0 A (reZ Ve >0 A ey >0),then (e;+fix"2)" (e;+F,x72)" = (eye;+ 1, x")"
Rule: If e2f1+e11°2 =0 A (rez VvV eq >0 A ey >@),then

J(a+bx“)p (c+dx")9 (eg+ F1x"2)" (e + fo x"/2) " dx — J(a+bx")p (c+dx")? (e1 e, + F1 F, x")" dx

Program code:

Int[(a_+b_.*x_"n_)"p_.# (C_+d_.*x_"n_)~q_.» (el _+Fl_.»x_"n2_.) r_.x(e2_+f2_.»x_"n2_.)~r_.,x_Symbol] :=
Int [ (a+bxx”n) *px (c+d*x"n) *q* (el*e2+f1*f2*x’\n) "r,x] /3
FreeQ[{a,b,c,d,el,f1,e2,f2,n,p,q,r},x| & EqQ[n2,n/2] && EqQ[e2xfl+elxf2,0] && (IntegerQ[r] || GtQ[el,0] && GtQ[e2,0])

2: j(a+bx")p (c+dx")? (eg+ f1x"2)" (e + f,x"?)"dx when e, f1 +e, f, =0

Derivation: Piecewise constant extraction

., (e1+‘F1 Xn/2>r‘ (e2+f2 Xn/Z)r‘
Basis: If e, 1 + e1 T, == 0, then Oy e e )T =

Rule: If (Sh) 'Fj_ + €1 'Fz == 0, then

f(a+bx“)p (c+dx")? (eg+ Ff1x"2)" (e;+ Ff,x"?)"dx —



Rules for integrands of the form (a+b x~n)"p (c+d x~n)"q (e+f x~n)™r

FracP FracP
(91 + 'F1 Xn/z) racPart[r] (e2 . ‘Fz X"/Z) racPart[r]

FracPart[r]

(a+bx")? (c+dx")? (e + f1 F2x")" dx
(e1 e, +'F1 'FZ Xn)

Program code:

Int[(a_+b_.*x_"n_)"p_.#(c_+d_.*x_"n_)~q_.» (el _+Fl_.»x_"n2_.) r_.x(e2_+f2_.xx_"n2_.)~r_.,x_Symbol] :=
(e1+F1xx”(n/2) ) ~FracPart[r] (e2+f24x~ (n/2) ) AFracPart[r]/(elxe2+flsf2+xn) FracPart[r]x
Int [ (a+b*x"n) Apx (C+d*x"n) qx (elxe2+Flxf2xx"n) "r‘,x] /3
FreeQ[{a,b,c,d,e1,f1,e2,f2,n,p,q,r},x]| && EqQ[n2,n/2] && EqQ[e2+fl+elxf2,0]
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